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Let Fq be the ﬁnite ﬁeld with q elements. We denote by AG(n,q) the n-dimensional aﬃne space
over Fq deﬁned by the n-dimensional vector space Fnq . A Kakeya set (also called a Besicovitch set) in
AG(n,q) is a set of points K which contains a line in every direction. Wolff [8] posed the problem of
ﬁnding the smallest size of a Kakeya set in AG(n,q), as a ﬁnite ﬁeld analogue of the Kakeya problem
in Euclidean space. In particular he conjectured that if K is a Kakeya set, then there exists a constant
cn > 0, depending on n, but not on q, such that |K | cnqn .
The Kakeya conjecture in the ﬁnite setting has been now solved by Dvir [2] using a simple argu-
ment which relies on the polynomial method.
Remark 1. Dvir’s argument gave the value cn = 1/n! for the constant cn . This was recently improved
in [7] and [3] to cn = ( 12 + o(1))n , which is best possible.
Dvir’s proof essentially combines the following two facts:
1. If E is a subset of points of AG(n,q) of cardinality less than
( n+d
n
)
, for some d  0, then there
exists a polynomial f ∈ Fq[x1, . . . , xn] of degree at most d vanishing on E .
2. Let f ∈ Fq[x1, . . . , xn] be a polynomial of degree less than q, vanishing on a Kakeya set K . Then
f is the zero polynomial.
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A. Maschietti / Journal of Combinatorial Theory, Series A 118 (2011) 228–230 229Therefore any non-zero polynomial of Fq[x1, . . . , xn] vanishing on a Kakeya set must have degree
greater than or equal to q.
We do not know any example of a small Kakeya set in AG(n,q) whose points are zeros of a non-
identically zero polynomial of degree q. The aim of this Note is to construct such Kakeya sets in
AG(n,q), where q is even. This construction relies on the complete classiﬁcation of Kakeya sets of
minimal size in AG(2,q), given in [1]. There are two standard examples. Let Πq be a projective plane
of order q. A line-oval in Πq is a set O of q + 1 lines, no three concurrent. It is the dual deﬁnition of
an oval. For the theory of ovals we refer to [4]. In case q even there exists a unique line ∞ such that
on each point of ∞ there pass precisely one line of O. In the aﬃne plane Π∞q obtained by Πq by
deleting a line ∞ and all its points, O becomes an aﬃne line-oval, a set of q + 1 lines one for each
direction and no three concurrent. In the odd case such a situation does not occur.
Example 1. Let q be even and let O be an aﬃne line-oval. Then the set B(O), which is the union of
the q + 1 lines of O, is a Kakeya set of size q(q + 1)/2.
Example 2. Let q be odd. In the projective plane deﬁned by the aﬃne plane AG(2,q) by adjoining
the line at inﬁnity ∞ , let O be a line-oval containing ∞ . There is precisely one point A on ∞
which belongs only to the line ∞ of O, while any other point P of ∞ belongs to a second line
of O. Let A be any aﬃne line on A. Denote by 1, . . . , q the aﬃne lines of O. In AG(2,q) the set
K (O, ∞, A) = A ∪ 1 ∪ · · · ∪ q is a Kakeya set of size q(q + 1)/2+ (q − 1)/2.
It is proved in [1] that these Kakeya sets are the only examples of minimal size.
To construct our examples, we consider a line-conic O (the dual of a conic of a projective plane) in
AG(2,q), where q is even, and use results of [6] about completely regular line-ovals. Line-conics belong
to this family of line-ovals. Choose aﬃne coordinates (x, y), in such a way that we can assume that
the lines of O are x = 0 and y =mx+ √m, where m ∈ Fq and √m =mq/2. Note that (√m )2 =m. Let
F2 be the ﬁnite ﬁeld with two elements. We denote by T :Fq → F2 the absolute trace map:
T(x) =
d−1∑
i=0
x2
i
, for all x ∈ Fq,
where we are assuming q = 2d , with d 3. As in Example 1, let B(O) be the set of points that are on
the lines of O. Then
B(O) = {(0, y) ∣∣ y ∈ Fq}∪ {(x,mx+ √m) ∣∣ x,m ∈ Fq}.
Lemma 1. B(O) coincides with the set of zeros of the polynomial
T(xy) =
d−1∑
i=0
(xy)2
i
,
which has degree q and is not identically zero.
Proof. An element a ∈ Fq has absolute trace 0 if and only if a = y + y2, for some y ∈ Fq (Hilbert’s
theorem 90 [5, Theorem 6.3, p. 290]). Therefore every point of B(O) is a zero of T(xy), since T(0 · y) =
0, for all y ∈ Fq , and T(x(mx+√m )) = T(mx2 +√mx) = 0, for all x,m ∈ Fq . Now the polynomial T(xy)
admits q zeros of type (x,0) and for every ﬁxed y = y0 = 0 admits q/2 zeros, since the number of
elements of Fq of absolute trace 0 is q/2. Summing up, we get q + (q − 1)q/2 = q(q + 1)/2 zeros,
which equals the size of B(O). 
Lemma 2. The cartesian product of a ﬁnite number of Kakeya sets is still a Kakeya set in the product aﬃne
space, whose size is the product of the respective sizes.
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Theorem 3. Let q = 2d, with d  3. For every n 2 there exists a Kakeya set K in AG(n,q), whose points are
zeros of a polynomial of degree q and whose size is
|K | =
{ qm(q+1)m
2m , if n = 2m,
qm+1(q+1)m
2m , if n = 2m + 1.
Proof. Identify the set of points of the aﬃne space AG(2m,q) with the cartesian product of m copies
of F2q . Pick a line-conic O in AG(2,q), consider the Kakeya set B(O) and form the cartesian product
K of m copies of B(O). Let (x1, y1, x2, y2, . . . , xm, ym) be aﬃne coordinates of AG(2m,q). Since B(O)
is the set of zeros of the polynomial T(xy), then every point of the Kakeya set K is a zero of the
polynomial
∑m
j=1 T(x j y j), which has degree q and is not identically zero. Clearly the size of K is
qm(q+1)m
2m .
In a similar way we construct a Kakeya set in case of AG(2m + 1,q). We pick a line-conic O in
AG(2,q) and let K = B(O) × · · · × B(O) ×Fq (the product consists of m copies of B(O) and one copy
of Fq). Let (x1, y1, . . . , xm, ym, z) be aﬃne coordinates of AG(2m + 1,q). The points of K are zeros of
the polynomial
∑m
j=1 T(x j y j), which has degree q. In this case the size of K is
qm+1(q+1)m
2m . 
Remark 2. We compare the size of the Kakeya sets constructed by us with an upper bound given
in [7]. Saraf and Sudan constructed Kakeya sets in AG(n,q), where q is even, of size (q−1)(q/2)n−1 +
qn−1. In general our examples have a greater size, except when q = 2. In this case the Kakeya sets
constructed by us have size 3m , if n = 2m, or 2 · 3m , if n = 2m + 1, which is a better upper bound.
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